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Microscopic Modes in a Fermi Superfluid.
I. Linearized Kinetic Equations

L. E. Reichl!
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This is the first of two papers in which microscopic expressions for the amplitudes
and dispersion relations for hydrodynamic modes in an isotropic Fermi superfluid
are derived. In this first paper we derive closed, decoupled, linearized kinetic
equations for the bogolon spin density and total density in a Fermi superfluid with
fluctuating superfluid velocity, and we discuss the form of the hydrodynamic
equations that result from these equations.
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1. INTRODUCTION

Hydrodynamic modes characterize the low-frequency, long-wavelength be-
havior of macroscopic systems. They may originate either from collisional
invariants or broken symmetries in a system. In the first case, hydrodynamic
behavior results because collisions cannot smooth out inhomogeneities in the
densities of collisional invariants. Such quantities must be transported across
the fluid to achieve equilibrium. Hydrodynamic behavior also arises when
symmetries are broken at a phase transition. This can happen when
fluctuations in some quantity (such as spin orientation in a magnetic crystal or
the phase of the macroscopic wave function in a superconductor) become
correlated over infinitely long distances. The equilibrium state is then
characterized by an additional thermodynamic variable, the order parameter.
It may happen that inhomogeneities in a given order parameter decay very
slowly because collisions cannot destroy them. Then, information about the
inhomogeneity must be transmitted from one part of the fluid to another, and
inhomogeneities in the order parameter behave very much like inhomo-
geneities in the densities of conserved quantities.
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One example of a system which contains both types of hydrodynamic
modes is a Fermi superfluid. In this system, fermions form bound pairs which
condense into a single quantum state. This condensed phase may be
characterized by a macroscopic wave function. If the phase of this wave
function varies in space and time, then a new hydrodynamic equation results
for the velocity of the condensed phase (superfluid velocity). The condensed
phase will accelerate if there is a gradient in the chemical potential. However,
gradients in the chemical potential are related to gradients in the pressure and
temperature via the Gibbs—Duheim equation. Since pressure and temperature
involve collisional invariants, spatial variations in the superfluid velocity
decay via transport processes.

If one wishes to obtain the dispersion relations for the hydrodynamic
modes in a system, the traditional method is to find the normal mode
frequencies of the linear hydrodynamic equations. The normal mode
frequencies will depend on various equilibrium response functions and the
transport coefficients. One must then compute the response functions using a
microscopic theory and compute the transport coefficients using Chapman-
Enskog theory, in order to obtain microscopic expressions for the dispersion
relations. However, it has been shown by Résibois® (for the case of classical
systems) and by the author® (for the case of normal Fermi liquids) that
microscopic expressions for the dispersion relations and amplitudes of
hydrodynamic modes can be obtained directly from the linearized kinetic
equation by using perturbation theory. Furthermore, by equating the
microscopic dispersion relations to the macroscopic dispersion relations
obtained from the hydrodynamic equations, one can also obtain microscopic
expressions for the transport coefficients. This method focuses on the kinetic
equation itself and not on the hydrodynamic equations, as does the
Chapman-Enskog approach, and is very sensitive to the detailed properties of
the kinetic equation.

The microscopic mode theory has not yet been applied to a system in
which part of the hydrodynamic behavior comes from a broken symmetry.
But as we shall show, it can be used for such systems and gives rise to the
dispersion relations for the modes due to broken symmetry in a very
interesting way. In order to keep our calculations as simple as possible, we will
discuss the hydrodynamic behavior of a Fermi superfluid whose dynamics is
given by the Gor’kov Hamiltonian. The kinetic equation we shall use can be
derived by a very elegant method due to Peletminskii and Yatsenko.® This
method was first applied to Fermi superfluids by Galaiko,™ who derived the
kinetic equations for a homogeneous Fermi superfluid, using the Gor’kov
model. Thus, Galaiko’s equations describe a system with spherical, spinless
pairs. The work of Galaiko was later generalized to the case of an
inhomogeneous system by Shumeiko,’® who then used a Chapman—Enskog
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type of approach to derive expressions for transport coefficients. The analysis
of Galaiko and Shumeiko is not useful when one wishes to derive the
microscopic modes directly from the kinetic equation. The kinetic equation
must contain information about the mode due to broken gauge symmetry;
and it must be closed. An analysis which does lead to closure of the kinetic
equation has been given by Betbeder-Matibet and Noziéres‘® for a collision-
less Fermi superfluid in the presence of a spatially varying external field. We
shall follow their approach here.

One interesting feature of a Fermi superfluid is that the hydrodynamics
cannot be discussed in terms of particle parameters, but must be discussed in
terms of the basic excitations, which we call bogolons. It is the properties of
bogolons that are conserved during collisions, and not particles. In this first
paper we will derive the kinetic equations for both the bogolon spin density
and the total bogolon density, and we will derive and discuss the properties of
the collision operators associated with each of these equations. The collision
operators are the key to the hydrodynamic behavior in a system. Although we
have tried to make these papers self-contained, we shall focus on those aspects
of the derivation that are important for understanding the physics involved or
the detailed form of the equations.

We shall begin in Section 2 with a discussion of the basic model, and we
shall obtain an expression for the kinetic ““matrix”” which describes particle
propagation in the lab frame in terms of particle Wigner functions and pair
densities referred to the superfluid rest frame. In Section 3, we shall linearize
the kinetic matrix and transform it to a form which describes bogolon
propagation. Using the method of Betbeder-Matibet and Noziéres, we can
then write the bogolon kinetic equations in scalar form and to a large extent
(but not completely) close them. In Section 4, we derive an expression for the
linearized bogolon collision integral and show that the bogolon kinetic
equations decouple into two kinetic equations, one for the bogolon spin
density and another for the total bogolon density. The collision operator for
the total bogolon density conserves bogolon momentum and energy, thus
leading to four hydrodynamic equations (no continuity equation). The
collision operator for the bogolon spin density only conserves a constant, thus
leading to the bogolon spin diffusion equation. For a system described by
these kinetic equations, bogolon number is not conserved.

In order to close the kinetic equations, in Section 5 the macroscopic phase
is determined in such a way as to ensure particle conservation. This is now a
standard procedure and completely closes the kinetic equation. Finally, in
Section 6, for completeness and for later use, we shall derive the standard
linearized two-fluid hydrodynamic equations from the kinetic equations, and
discuss the form of the hydrodynamic modes obtained from the linearized
hydrodynamic equations.
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In a subsequent paper we shall derive microscopic expressions for the
hydrodynamic modes directly from the kinetic equations, using perturbation
theory.

2. KINETIC EQUATION

Let us consider a Fermi system whose dynamics is governed by a
Hamiltonian of the form

2

A=) fdr‘&*(r)(‘h V,Z—uf))\i’am

gy 2m

+ J‘Jdrl dry Vi, — rz‘)\i’x+("1)@¢+(1'2)‘?1(r2)q’1(1'1) 2.1

Only particles with antiparallel spin interact. We assume the interaction is
spherically symmetric (we will specialize to the Gor’kov case later). The
quantities ¥, *(r) and ¥, (r) are the field operators for particles of spin ¢, and
1% is the chemical potential of the equilibrium system. The field operators
obey fermion anticommutation relations.

The density operator for the system is governed by the equation of
motion

0p/0t = —(i/MH, p(D)] 22

We introduce a one-body reduced density matrix N(r,, r,), which obeys the
equation of motion

ON(r,, r,, ¢t ol A i s g A
____I‘Zh) =Tr é’p/ﬁt @(r1 B rz) - % Tr ,0(’) [H> ®(r1’ 1'2)} (23)

ot
where
Ny, x5, 1) = (O, 1)), = Tr p(0) O(r,, r,) 2.4
and
A B
‘1"1 (H)‘PT (rz) \Pl (1'1)'{’1(1'2)

(Note that a bar over a function denotes a 2 x 2 matrix. A caret denotes an
operator.) The field operators ¥, (r) and ¥, * (r) refer to the lab frame. We can
transform to a frame in which there is no superfluid velocity by performing a
gauge transformation. Thus, we write the field operators in the form

¥, ) = {explio®BL ), P, @) = {exp[ —ig®LP, " ()  (2.6)
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where the field operators (r) and ¥, *(r) refer to the superfluid rest frame.
The superfluid velocity is defined by

vi(r) = (h/m) V. ¢ 2.7

For simplicity, we assume that the phase is independent of spin. We now can
rewrite the Hamiltonian in the form

A=H,+7V (2.8)

where

Ao L [ad @ i) -0l + 0 C9)

o=1.1

and
V= Harr1 dry V(Iry — 100, e, )P @) () — O (2.10)

The operator U includes mean field corrections to the free motion of the
particles and is defined by

U= Z Jdr Fa(r)$a+(r)$a(r) - der1 dr, AT(ry, rz){/;i(rﬂgff(rz)

=y
- f j dr, dry Ay, 1) @)Y, () @.11)

where
Fyn = f dr' Vil - P, @)%, 0 2.12)
Fn= - der' Vi -rXE, @)% @) 1)
A(ry, 1) = Vi, = E)XKP, @), (1)) 2.14)
A% (1) = VI, = )<, @) P, (1) 2.15)

The mean field operator U contains all possible ways of averaging the field
operators in the interaction term in Eq. (2.1) in pairs. The functions F,(r)
describe the change in the energy of particles due to their interaction with the
background medium. The functions A(r,, r,) and A* (r,, r,) are only nonzero
if the gauge symmetry of the state describing the system is broken. That is, if
the Fermi system is in a superfluid state.

Before deriving the kinetic equation it is useful to introduce the operator
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(r,, r,), whose expectation value is the one-body reduced density matrix in
the superfluid rest frame

. - - .

(r,, r,) = ( A'// 1(1'1)'{7 +(1'2) ,}pl(rl)wj (ry) ) (2.16)
U Ty, () wl ()Y, (ry),

It is also useful to write the equation of motion of this operator under the

action of the free Hamiltonian H,. If we start with the equation

i 98(r1,1,)/0t = —[Ho, Oy, 1,)] 2.17)
we can separate out the phase and obtain the following equations for elements
of the matrix 0(r,, r,):

L 80, (r,r - R
ih ‘11—(6;——22 = 61+(1'1)91 1y, 15) — €4 7(r)0,(ry, 15)

b

D

- J‘dl' [A(r,, 1')621(1', ) — 612(1'1’ AT (r, ry)]
(2.17a)

i aa21(11 ,T2)

T = €¢+(l'1)512(r1’ ) + 61+(l'2)§12(1’1 s T2)

- fﬁ [A(ry, r)ézz(rl ,T3) — é1 1T, DA, 5]
(2.17b)

ih 5621(1‘1,1'2)

ot = —¢ —(1'1)@21(1'1’ ) — €4 _(rz)éu(ru ry)

- J‘dr [A*(ry, r)éu("a r) — ézz(ru AT (r, r,)]
2.17¢)

ih a9A22("1 ,T3) _

o1 *61“(r1)§22(r1, )+ 5¢+(r2)gzz(l'1’ 1)

- jdf [A*(ry, r)gn(ra r) — éZI(rl L DA(r, 15)]
(2.17d)

where
+ 1 . 2 d¢ 0
€, (r) = [—ihV, tmv(@))" + F0)+h——u (2.18)
2m ot

The operator 8, ;18 the ijth element of the operator matrix 8. Now that we have
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obtained the equations of motion for §(r1 , T,), itis convenient to change to the
momentum representation. We can change from field operators to particle
creation and annihilation operators in the usual manner

. 1 . 1
Y, (r) = 7 Y. [exp(ik-n)]d, ,, Y, () = % Y [exp(—ik-r)14y,
k k
(2.19)

If we use the convention

0k, k) = derl dr, [exp(— ik, -ry) exp(ik, 'rz)]ﬁ(r1 1) (2.20)
we obtain the following matrix:

~ Ay, 14y, ARy
6(k1,k2)=<A""T U ““) 2.21)

+ At A
A k1% 9k, % x|

We are now ready to write the kinetic equation.

The major assumption in the work of Peletminskii and Yatsenko!® is that
after a long time, the density matrix p(¢) becomes a functional only of the one-
body reduced density matrix. That is, it can be written in the form

Py = p10. 1} + 5 {p(O)}e ™ 2.22)

where p{#, 1} is a functional only of the matrix 0. This idea was originally due
to Bogoliubov and used by him to study classical systems. The quantity §(0) is
the density operator at time ¢ = 0, and 7, is some relaxation time. After a time
much longer than t,, we can describe the state of the system by ;3{02, t}. Fora
superfluid system, ;3{(92, ¢} has broken gauge symmetry. Furthermore, because
4 g, t} depends only on g and therefore has the form of a generalized
Gaussian, we can use Wick’s theorem to evaluate the expectation value of
products of creation and annihilation operators. The actual derivation of the
kinetic equation is somewhat involved but straightforward. The method is
discussed in Refs. 4 and 5, and we will not repeat the calculations here. The
kinetic equation obtained by this method takes the form

. ?ﬁ(klyk?.,t) _ 1

ih I/ Z [E_(kl > ka)ﬁ(kav k2’ t) - ﬁ(kl > ka’ t)é(kaa kz)
a1 VL

=L lim fo ds ¢ Tr{p{B, [ 7'(s), [V, ik, , kz)}]}} (2.23)

-0 J—- o
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where
ik, ky, 1) = <Ok, . k,)), (2.24)
&k, , k —Ak, .k
z(kl,k2)=( ! ( v k) t 2’) (2.25)
~A7 (k. ky) _5&+)(k17k2)
and

1 .
€k, k,) =5 [h2k,2 Oy, x, + mh(k, +K,)-vi(k, —k,) + mo2(k, — k)]

ook, —k;)
ot

The Fourier transform of the superfluid velocity v (k, ~ k,) is defined by

+ F,(ky —k;) +h (2.26)

vik, —k;) = Jdr {exp[ —i(k, — ky)-r]}v(r) (2.27)

and a similar convention is used for other quantities in Eq. (2.26). The
interaction operator V' in Eq. (3.23) does not include the mean field terms.
Thus,

1

V= T/kl;k‘, VKoo, KA 1874, Gy, Gir (2.28)
where
Viky,.., k) =0k, —k, +k, —ky)I(k; —ks) (2.29)
and
I(k; —k;) = Jdr {exp[ —ir-(k; —k3)1} H(r)) (2.30)

The first terms on the right-hand side of Eq. (2.23) are streaming terms
and will be recognized as the Fourier transforms of Egs. (2.17a)—(2.17d). The
last term on the right-hand side is the collision integral. We notice that the
collision integral now depends only on ¥’ and does not contain contributions
from the mean field terms. These cancel identically when the trace is taken, so
we have not included them in Eq. (2.23). The operator ¥'(s) which appears in
the collision integral is defined by

V'(s) = exp(isos/h) V' exp(—idos/h) .31)
where
Ho= Y Ak, k)4, (2.32)

kika
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and Ay and /Ikz are column and row vectors and are defined by

g1+ S+ oA A ﬁkT
A =al,, a4, and Ay =1\ . (2.33)
\-/

Equation (2.23) is the kinetic equation of a Fermi superfluid in which only
antiparallel spin particles interact. In order to make contact with a classical
kinetic equation, we can rewrite #a(k,,k,, ) in terms of center-of-mass
momentum K = 4(k, + k,) and relative momentum q = k, — k,. If we now
Fourier transform the q dependence of ni(k,, k,, t), we find

KR, 1) =~ ¥ [exp(iq-R)]ﬁ(K +d k- 9) (2.34)
V4 2 2
A(K, R, ¢) is the Wigner function for the system. In the classical limit the
diagonal elements become proportional to the single-particle distribution
function, and the diagonal elements in Eq. (2.23) reduce to the Boltzmann
equation.

3. LINEARIZED KINETIC EQUATION

We will now linearize the kinetic equation following closely an analysis
by Betbeder-Matibet and Noziéres.'® This method provides a means of
closing the kinetic equation when superfluid flow is present. In order to keep
our discussion as simple as possible, we will specialize our Hamiltonian to the
Gor’kov!” model. That is, we let

Vir, =) =g é(r; —ry) 3.1

where g is a small, negative coupling constant which is only nonzero in a small
interval about the Fermi surface. With this interaction the functions
appearing in Eq. (2.25) take the form

Fil@) =5 2 ma, (32)
F@=-2Y K 9 (3.3)
K
All; k) = A@) = 3 n1,(K, 4) (3.4)
K
A% (ki k) = A% (@) = £ Y m,(K, ) (3.5)
K

I(k; —k3) =g (3.6)
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We have used the notation n;(K + 3q, K — 3q) = n,(K, q). The quantities
A(q) and A*(q) are the nonequilibrium gap functions. They vary in position
but are independent of momentum.

Let us now linearize the kinetic equation about absolute equilibrium. We
will write

E(k1 > kz) = é_o(kl) 5k1,k2 + 56.(1(1 s kz) (3-7)
and
ﬂ(kxa kz) = ﬁo(kl) ‘Skl,kz + 5ﬁ(k1 s kz) (3-8)
where
_ ¢k —A>
oK) = 3.9
o(k) (_ Ao (3.9)

is the equilibrium energy matrix, & = h*k?/2m — u, p = p°® + in, and A*
= —A. We have assumed that the equilibrium densities of spin-T and spin-{
particlesareequal, i.e.,n, = n; = n. We also have assumed that at equilibrium
there is no superfluid velocity (a constant finite superfluid velocity is also an
equilibrium state). The equilibrium particle distribution function 7,(k,) is
defined by

fg(ky) = 3[T+ €k (ED) ™" tanh(GBEY )] (3.10)
where Tis the 2 x 2 unit matrix, and
ES = (&2 + a2 (3.11)

is the equilibrium bogolon energy. The linearized kinetic equation now takes
the form

ih 85n(k, , k,)/0t
= €o(k,) on(k,, ky) — dn(k,, k,)eo(ky)

+ 08Ky, Ky)io(ky) — Ao(Ky) 66k, ky) + Cpn(B(k,y, k)
(3.12)

where C,,(0(k,, k,)) denotes the linearized collision integral.

The properties of a Fermi superfluid are best described in terms of the
collective modes, called bogolons, rather than particles. We can transformto a
description in terms of bogolons via a unitary transformation (the Bogoliubov
transformation‘®) which diagonalizes the energy matrix in Eq. (3.9). The
resulting bogolon kinetic equation can be written as a set of scalar equations,
and the collision integral contains information about collisions between
bogolons rather than particles. Let us first introduce the following transfor-
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mation from particle operators 4, , and 4, , to bogolon operators b, ; and

by ,. We write
L b, a
Bk=<li“'+ )= U,j()iT > (3.13)
bl - ad-x,;

0 = (”“ “”“) (3.14)

R T

where

(the asterisk indicates complex conjugation) and the elements of the
transformation matrix are defined by

o, =30E°,  un* =3AYES (3.15a)
u = [3(1 + &/E)]Y? (3.15b)

and
ol = [3(1 — &/ES)]Y? (3.15¢)

As usual, we have assumed that u, is real. The transformation matrix is
unitary:

0,°0,=007=T (3.16)
This transformation diagonalizes the energy matrix
E° 0

E°Kk) = =0,76°0 3.17
®) ( N E.P) AT (3.17)
and enables us to transform to the one-body reduced density matrix for

bogolons (J(k,, k,)>,, where

. _oed (BB b (3.18)
7k, k) = Uk19(k1,kz)Ukz bAtk J?A;? . Efk —E—k

2,

The particle distribution matrix 7,° transforms to the bogolon distribution
matrix #,°,
W’ = 0,77 U, = {T + 1, tanh(BE,°/2)] (3.19)

where
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The deviation from equilibrium of the bogolon distribution is given by
ov(k,, ky, 1) = Uy, onk,, k,, NU,, (3.20)
and the energy corrections are given by
SEKk,,k,, 1) = U} 6ék,, ky)U,, (3.21)

We now can transform the kinetic equation (3.11) to a bogolon kinetic
equation

ih 0ov(k,, k,, 1)/0t
= Eo(ky) oWk, Ky, 1) — 09(ky, Ky, 1)Eq(k,)
+ OE(K,, K,, 1)Vo(ky) — vo(Ky) SE(K,, Kk, 1) + Clin(?}(ki . k)
(3.22)

In order to make contact with physical quantities, we transform to center-of-
mass momentum K = 4(k, + k,) and relative momentum q = k; — k,. As we
saw at the end of Section 2, q is the wave vector for spatial disturbances.

Since we are interested in obtaining the hydrodynamic modes, we only
need to retain contributions for small ¢ (long wavelength). Thus we expand
the streaming terms in powers of q and retain lowest order terms. The kinetic
equation then takes the form

ih 06v(K, q, 1)/0t

= EC[7; 0v(K, q, 1) — 6%(K, q, 1)T;]
+ 0,°[6E(K, q, 1)T; — T3 6E(K, g, 1)]

142 Ev L o ~
+ 3w K-q —E:O [75 0V(K, q, 1) — oV(K, q, 1)T5]
1 #* £k 0 orrs B B o
‘71K.q.0(60K /aEK )[5E(K’ qat)TS + T3 5E(Ka q, [)]
2m Ey :
+ Cp(J(K + 39, K — 1q)) (3.23)

where

0x° = +4 tanh(BEL° /2) (3.24)

It is useful to write the various elements of the matrix equation (3.22)
explicitly:
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0ov,,(K, q. 1) #?
p O E e B s K g0
m Ex

ot

+o- il K- qg" 22‘5 SE (K, q, 1) = Cyp(bxs 2.+ b5 —g2,+)  (3.252)
i @”_La‘[‘_‘ﬁ +T kg 5“ 5122, 4, 1

R LR W R RN S

(3.25b)
@Z—gfi’l 2E0 ovy,(K, q, 1) + 20° OE (K, q)

= Clin(l;](+q/2,+[;‘l(+q/2,~) (3.25¢)
ih ‘9—533%’—‘1’—’3 + 2B 6v,,(K, q, 1) — 26,° 0E,, (K, q, 1)

= Cu(b ka2, Bl g2.4) (3.25d)

The quantity (hK/m)&g/E° which appears in Eqs. (3.25a) and (3.25b) is the
bogolon velocity. We can now begin the process of obtaining closed equations
for the bogolon distribution functions év,,(K, q, ¢) and Jév,,(K, q, ?).

Let us first note from Egs. (3.25¢) and (3.25d) that for slowly varying
processes we can write

5v(; »(K, q, 1) = (0°/EL) SEu %)(K, q, t) + small corrections (3.26)
21) 1)

Let us next look more closely at seif-consistent field corrections. From Egs.
(2.25), (3.7), and (3.9), we can write

52K, q. 1) = < —HK-v(Q, ) + Fi(q, ) + h3p(q, D/0r  —3A(q, 1) )
(A, q, - -—(SA+(q, [) —hK.vs(q’ f) — Fl(qv 1) —h a¢(q’ t)/&t
(3.27)

Then, using the properties of the Bogoliubov transformation, (7,{', and Eqgs.
(3.2) and (3.3), it is not difficult to show that

5E11(K’ q, t) + 5E22(K9 q, l)

9 /
= I—/; [6’122(—1(,5 q. t) + 5"11(K s qs t)]

g . ,
= T/Z [ov22(—K', q, 1) + v, (K, q, O] (3.28)
2
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Similarly

SE,»(—K, q, 1) — 6E;, (K. q, 1)
=2hK-v,(q, 1) — 5“ 6¢>(q, /ot

~—5 [A* 6A(q, 1) + A A" (q, 1)]

51{9

T D Z [on,,(K', q, 1) — ony (K, q, )] (3.29)

(We have neglected terms of order v,2.) We can now write the third and fourth
terms on the right-hand side of Eq. (3.29) in terms of bogolon distribution
functions. Let us begin with the last term in Eq. (3.28). From Egs. (3.4) and
(3.5) and the Bogoliubov transformation, we can write

A* 5A(q, £) + A SA* (g, 1)

= % S [A* 6ny5(k, 4, 1) + A Sny, (k. g, 1)]
=+Z z{ 255 A% 6v,,(K, 4, 1) + A 63, (K, 4, 1)
K

Ag?
+ Eos [ovo»(K, q, 1) — 6v, (K, q, t)]} (3.30)
K

where A,2 = A*A. But from Eq. (3.26) we find that

A* ov,(K, q, 1) + Aovy (K, q, 1)
9 0
— 5 [A*OE,(K,q, 1) + ASE, (K, q, )]

K

8L (A,
- OF.(q, 1) + 6F,(q, /) + 2h
ES {EK[ (g, 1) (q, D)+

op(q, ?)
ot

+ EKT) [A* 5A(q, 1) + A SAT(q, t)]} (3.31)
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Combining Egs. (3.30) and (3.31), we obtain
A* 0A(q, 1) + A (3A+(q, 1)

A ot
ZEK E° { : [(m(q’ 1)+ OF,(q, 1) +2h ‘i)g‘l )]}
A2
L9 ZEK [6v,,(K, q, 1) — 6v,,(K, q, )]

£k * +
V ES (E > [A* 6A(q, 1) + A 0A™(q, 1)] (3.32)

In the term in Eq. (3.32) that involves 0F, + 0F, + 2h0¢/0t the integration
over K involves an odd function of &; (& is odd with respect to the Fermi
surface) and will be of order A/E, where Eis the Fermi energy of the system.
Thus, for a weakly coupled system where A « Ethat term can be neglected.
Then Eq. (3.32) takes the form

A* 0A(q, 1) + ASA*(q, 1)
g -1 A02
- +7X(T) Z E 0 [5v22(K= q, l) - 5V11(K, q, t)] (333)
K K

where

W(T)=1+= Z(E )g“ (3.34)
K K

Let us now consider the last term in Eq. (3.29). Using Eq. (3.26) and the
Bogoliubov transformation, we can write

5”22(1(’ q, [) - 5”11(K7 q, t)

S
= 5 [0722(K. 4. 0) — 6v1,(K. q, )]
K
T 0 [A* 5V12(K, q, Z) + A 5V21(K, q, t)]
K
_ %
— E‘K()[év22(K9 q, t) - 5\/1 1(K’ q, t)]

A 0

1 & 6
A* 6A A SAT 3.35
5O T (AT 0A@ 0+ ASA (g 0] (3.35)
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The last term in Eq. (3.35) can be neglected when Eq. (3.35) is substituted into
(3.29) because it is odd in &. If we solve Eq. (3.35) for dn,, — dn,,, we find

5"22(1(, q, t) - 6”11(1(5 q, t)
sy & ‘
= (1 + A7 25022 0, 1) = 0v11 (K, g, 1)
K

Py K.
(1+ FY <Ex> £ 2~ (3.36)

where Fy is an integral operator and is defined by

. Ay \? 6.0
Fyg(K) = %(E—OO) ﬁZg(K’) (3.37)
K K K’

If we now substitute Egs. (3.36) and (3.33) into Eq. (3.29), we finally obtain

5E22('_K’ q., t) - 5Elll(Ka q, [)

ESL ot

= 20K -v(q, 1) + 20[1 + I(T)]"*

S Iy

ESV E —5[0v2,(—K', q, 1) — v, (K, q, )]
K Lx

X(T) 1 E 0 Z ——[()sz( K’ >4, t) 5‘)1 X(K/’ q, t)]
(3.38)

where

9 (o]
rm:f-/;( x") 5 (3.39)

In the term involving ov,,(—K, q, 7}, K is a dummy variable and its sign has
been changed by relabeling.

Equations (3.25a), (3.25b), (3.28), and (3.38) almost constitute a closed
set of equations for v, and dv,,. The only problem remaining is to express
the superfluid velocity and the time derivative of the phase in terms of these
quantities. We shall return to this after we have studied the collision integral.
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4. COLLISION INTEGRAL

Let us pow obtain an explicit expression for the collision integral. We are
interested in the following quantity:

C(bfx— q/z,xb;x +q/2,/l)

. 0
L. Nt el TN o
= -z lim J/ ds e Tr{p{0, t}[V'(s), [V, b g2, b+ q2,11}

-0 J— oo

‘.1

Let us first consider the Hamiltonian %, which appears in the expression for
V'(s),

Hy= Y, B{EK, k)B,, 4.2)
kikz
As we can see, this Hamiltonian is not diagonal but contains contributions
due to bogolon pairing. It is convenient in deriving the collision integral to
assume that spatial disturbances have one wavelength characterized by wave
vector q. Let us now retain contributions to lowest order in q and neglect
contributions due to bogolon pairing. Then we can write

Hy~ Y. Y EK, @b by , + small corrections 4.3)
A K
where
E.(K, q) = E’ — 6E (K, q) (4.4)
and
E_(K,q) = E’ + 0E;»(K, q) (4.5)

We see that the Hamiltonian involves the bogolon energy in local equilibrium
and not absolute equilibrium. This is just what we expect from Fermi liquid
theory.

We can now use Wick’s theorem to evaluate Eq. (4.1). The calculation is
somewhat tedious. The resulting expression will depend on products of
pairwise averages <5§T, ,15,{_ .- We can linearize the collision integral by
expanding the pairwise averages about local equilibrium. Thus we write

I (EK, )

<B)}—QZ,AEZK+q/2,A> =f0(E}.(Ka ‘l)) t oo aEA(K )

®,(K,q) (4.6)

where f°(E,(K, q)) is the local equilibrium distribution function

TUEAK, @) = {exp[BEXK, @] + 1} 7' = 5{1 + tanh[BE,(K, 9)/2} (4.7)
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If the collision integral is linearized in ®,(K, q), it takes the form

~ ~
Clin(bﬂ(— q/2,}.bll( +q/2,/1)

: 2
_ibrg Y Y K+K,—K;—K,)

h 4V2 K2,K3,Kq 4,43,44
1 h]
5% [AE(K, @) + 4,E;,(Ky, @) — 4E;,(K;, q) — A,E; (Kq, Q)]}

x fUAE(K, ) [°(A,E,,(K;, @)

x [1 _fo(;t3E;.3(K3, Q)11 °f0(/14E14(K4, Q)]
Ao + Exx, AT+ i,

X (1 — i, ~—~——°EKOE§(‘Z K ><1 — Dyhy ey R 0 E'; £ >

x [10,(K, q) + 4,®,,(K,, ) — 43(1),13(1(3, Q) — 4D, (K, q)]
4.8)

Note that because local energy is conserved, the condition of detailed balance
holds:

TUE(K, @) F°(E;,(Ky, )1 — FOE,L(K;. )I[1 — [, Ky, 9)]
= [1 - 7°EL(K, )]l - 7°(E;,(Ks, q))]
x JO(E;,(Ks, @) FO(E,, (K, q) (4.9)
Let us now complete the linearization of Eq. (4.8) with respect to absolute
equilibrium. We first introduce an expansion of the pairwise averages about
absolute equilibrium:

of *(Ex°)

po tKe (410

<5;K‘q/2,}.bA}.K+q/2,).> =fUEO) + 15—

where
SOUE) = [exp(BE®) + 1171 = 3{1 + tanh(BEL°/2)] 4.1
If we next equate Eqgs. (4.6) and (4.10), we find

TERD o o o op o FE

CEK, @ 5,0 $,K,q) (4.12)

TUE(K, @) +
We now expand the local equilibrium distribution about absolute
equilibrium,

af °(Ex”)

TUEAK, @) = fOES) + ~ 55— a0 OEK. 9 (4.13)
K
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where
SE.(K,q) = —JE (K, q) (4.14)
and
SE_(K, q) = 0E,,(K, @) 4.15)
Comparing Egs. (4.12) and (4.13), we see that
[ngé%ﬁ} lajaﬁg;—]((%ﬁ‘bz“" q) = ¢.K,q) — 0E,(K,q) (4.16)

If in Eq. (4.8) we retain contributions linear in deviations from absolute
equilibrium, we obtain

ot ~
Clin(b/leq/Z./lbiKJrq/Z.ﬂ

po 2
P Y Y K +K, —K, — Ka)

B hV24 g K2.K3,K4 72,43,44
1
X 5[£ (AEX® + A,ER, — J3ER, — 24E24)J

x [OAE) QB )1 [P U5 ER )L — f%(Aa, ER,)]

2 2,
X <1 — 2y ALié‘é‘—Z)(l — Asha 9_o_+_cx,fi)

Ey"Eg, Ey.Ex,
x [20,°(K, q) + 1,®%,(k;, q) — 4;0F,(ks, @) — 2,02, (ks q)]
(4.17)
where now
D,°(K, 9) = ¢,(K, q) ~ 9E,(K, q) (4.18)

It is useful to write the collision integral in terms of a linear collision operator
Cx.,» which is defined by the equation

iéx,zq),:o(Ka q)= Clin(é\)-.;(‘q/Z,Zb:.l(-%—q/Z,i) (4.19)

As we shall see, the collision operator CA‘K! ; has a structure which enables us to

decouple the kinetic equations for év,, and dv,, into two kinetic equations,

one for the bogolon spin density and another for the total bogolon density.
Let us first note that

e’ <

5&;6 ¢+(K’ q’ t) = “‘Ovll(Kv q’ t) (420)
0

L ¢_(K,q,1) = 6v,,(—K, q. 1) (4.21)

OE°
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Then the kinetic equation for the total bogolon density can be written
h afKO ah(kv q, [) hZK'q éK 0fKO
MBS T o m E’ OE’

where

HK,q, 0= iCiH(K, q,1) (4.22)

hK.q,0)=¢.(K,q0+¢_(-Kq,1) (4.23)
and
H(Ka q, [) = h(Ka q, t) - 5E22(_Ke q, t) + 5E11(Ka g, I)

=K, q,t) - 20K-v(q, 1) — 2h[1 + [(T)] ! Sk 09(g, )
EK ot
L gk R
+E_—T/[l + I(T)] ZEK @EK 2K pK',q, 1)
i A, 8 /
o) ES Z Eg 5{;5 h(K', q, 1) (4.24)

The kinetic equation for the bogolon spin density can be written

o’ omK,q. 1) WK-q & Iy’

UK TR R R 5K YK — ()
hoES m B opg MK 40 =0 MK .0 (4.25)
where
m(Ka q, [) = ¢+(Ks q, l) - (r/)*(._K’ q, t) (426)
and
MK, q, 1) =mK,q, 1) — Z 6E° m(K’, q, 1) 4.27)

The collision operators €4 and € are defined as follows:

CLIHK, ¢, 1)

2
Iy Y K 4K, 4K, — K,

2
4nV K,K3,Kq 42,43,44

1 . ;
5[h (AEL + ,ER, — AsEQ, — ,14E24)]

X fOUEC) OB — fOUER L ~ fO(A.ER,)]

A02 + éKéK >( A02 + él( fl( )
X1 -4 ——22 ) | — Ah, ——— 22372
( OEROER, 7 EYER,

x [H(K,q, 1) + L,H(LK, q, 1) — 1.H(L:Ks, q, 1) — L,H(LK,, q, )]
(4.28)
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and

COOMK, g, 1)

prg* A
= K+ K, —K; —K
4h V2 szKzs,Kes /’-2,123,14 ( : ? 4)

y 5{% UEL + 1,ES, — 13ES. ~ 1, EL, )}

X [OUESL)S (A ER )L — O ERIL — (A4 ERa)]
Ag? + &b, Ag® + &k by,
X <1 Sy - EKOET‘EZK )(1 — dadg M‘OEEBET‘%; <
X [M(Ka q, t) + M(/IZKZ’ q, t) - M(/l3K3> q, t) - M(/14K4’ q, t)]
4.29)

We now note that the collision operator € has four eigenfunctions with
eigenvalue zero. They are the three components of momentum K and the
bogolon energy E;°,

CK=0, CME =0 (4.30)

The collision operator C§’ has one eigenfunction with zero eigenyalue, a
constant

Cl4=0 (4.31)
where A is a constant. These facts will be useful later. We note that the kinetic
equation for A(K, q, ?) is still not closed because H(K, q, 1} depends on v, and
d¢/0t. However, we can express these quantities in terms of A(K, q, ¢).

5. CLOSURE OF THE KINETIC EQUATION

We know from thermodynamic arguments that a gradient in the chemical
potential can cause the superfluid to accelerate. If we identify the time
derivative of the phase with the chemical potential

wq, ) = —h dg(q, 1)/0t (5.1)
then Egs. (2.7), (2.27), and (5.1) can be used to obtain
im ov(q, 1)/0t = qu(q, ?) (5.2)

as we expect. We see from Eq. (2.18) that this choice is consistent. Equation
(5.2) is the usual hydrodynamic equation for the superfiuid velocity.

In superfluid hydrodynamics, it is always assumed that the total mass of
the fluid is conserved and that there is a continuity equation for the mass
density. As we can see from Eq. (4.29), bogolons are not conserved during
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collisions. There is no bogolon continuity equation. Furthermore, total
particle number is not conserved by the bogolon kinetic equations. However,
we can impose the conservation of total particle number on the system by the
proper choice of the chemical potential, and in so doing we close the kinetic

equations.
Variations in the total mass density can be written

1
6:0((17 [) = ‘[;Z [5]’[22(1(, q, [) - 5”111(1(, q, t)]

=[1+T(N)]" {szf: ﬁg; h(k, ,)+*(lu(q,t)j (5.3)

The total momentum density operator can be written
J= ‘}; f dr ¥, (1)(—ih V)P () (5.4)
From this, we derive the r;sult
3@ = pvo+ 3 WL~k 4.0 = k4. 0]

0
= v, + — thajg‘oh(k,q,t) (5.5)

where p is the total particle density. The continuity equation is given by
i0p(q, /0t = q-J(q, 1) (5.6)
If we now require that Eq. (5.6) be satisfied for our fluid, we find

;@) —gi 1o & O Ohk. g, 1)
o (M VELESIES o

[1+I(T)lg 1 o’
(5.7
and if we use the kinetic equation (4.22) we obtain
Ou(g, 1) g loh e
D E ek
ot ATy vgm 0E,
2
x {(—g—) H(k,q.0 - [1 + [(D)hk, q, r)}
k
(T
D_—t_(_)lg {q, 1) — 9 ék iCVHK, g, )

) P! 2F(T)hV
(5.8)
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Let us now Fourier transform the time dependence of Eq. (5.8). We write

oo

1 :

pQ 1) =5 f dw e "' u(q, w) (5.9)
T -0

with similar expressions for other time-dependent variables. We then can use

Eqgs. (4.24), (5.2), and (5.8) to solve for u(q, ). We will assume that q lies along

the z axis. Then the expression for u(q, ) takes the following form:

211 0
q q91 & hk, o
= I(T R(T) — N
(g, ®) [()+ ()wzJ ( w2 V45 m OE”

x {(%) 1+ F(T)]}h(k, q, 1)

Vg 18
"o 2(D VL B (Ch 4.0 (5.10)

k
where

p 1 < (hk,\* 0"
R(T) = _9[275 [+ ()] + T/%(m ) aERO} (5.11)

Note that only the first two terms in Eq. (4.24) contribute to Eq. (5.8). The
other terms go out when the angle integrations are performed. We now have
completely closed the kinetic equations. It is important to note that the term
depending on the collision operator is imaginary. As we shall see in a
subsequent paper, this term, unless it can be omitted, destroys the longitudinal
mode.

6. HYDRODYNAMIC EQUATIONS

If we note that the collision operators C{*’ are self-adjoint, that is,

1 1
7 2 9WTIAK) = 72 3 AT gk) (6.1)
k k

it is a simple matter to derive the hydrodynamic equations. Let us begin with
the equation for the spin density.

6.1. Spin Density

The collision operator C{~? has only one collisional invariant, a constant,
and therefore we can derive one hydrodynamic equation from it. The spin
density is defined by

1 o’
s(q, ) = 7 D 6;;'(,‘0 m(k, q, 1) (6.2)
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If we sum over momentum k in Eq. (4.25) and use Eqgs. (4.31) and (6.1), we
obtain

10s(q, 1)/01 = q-J(q, 1) (6.3)
where J(q, 1) is the spin current
hk &y ajk
J(q. 1) =— Mk, q, ! 4
0= X e Mk a1 (6.4)

According to Fick’s law, in the linear regime the spin current is related to the
coefficient of spin diffusion D according to the equation

39, 1) = —iDqs(q, 1) (6.5)

There is no convective contribution, because s(q, 7) — 0 at equilibrium. If we
combine Egs. (6.3) and (6.5) and Fourier transform the time dependence [cf.
Eq. (5.9)], we obtain

w = —iDg? {6.6)

Thus spin waves in a simple Fermi superfluid are completely damped.

6.2. Total Density

We already have two hydrodynamic equations for quantities dependent
on the total bogolon density, namely the continuity equation (5.6) and the
equation for the superfluid velocity (5.2). We can obtain four more
hydrodynamic equations from the kinetic equation for the total bogolon
density (4.22). Let us multiply Eq. (4.22) by the momentum k and sum over k.
We find

l ohC l 1 o« #? & R’ ]
21 k k =q- _2 — kk = Hk,q,!¢ 6.7
h OE.° o hlk. 4. t):l 4 Ve m E° OE° k.9.0] &7

[cf. Egs. (4.30) and (5.1)]. From Egs. (5.5), (5.2), and (6.7), we obtain the
following hydrodynamic equation for the momentum density J{(g, f):

i 8J(q, 1)/0t = q-TI(g, 1) (6.8)

where ﬁ(q, t) is the pressure tensor,

= _ & oS
@0 = kkE ° E,°

H(k, q. 1) + %,u(q, N (6.9)

((7 is the unit tensor). Note that since the total mass density p can be written
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and the momentum current J can be written

J = pyvs + pav, (6.11)
where p, and p, are the superfluid and normal fluid densities and v, is the
normal fluid velocity in the lab frame, we find from Eq. (6.5) that

1,0
OE,

0, =) = 1 Tk ek, g, ) 6.12)
k

This is the normal fluid momentum density in the superfluid rest frame.

In the linear regime the total energy can be written as a functional of the
bogolon distribution and the total density. Thus, any local changes in the
internal energy density of the system can be written

1
5U(qﬂ t) = '172 Eko[évzz(_ka q, t) - 5\’11(1(, q. Z)] + H 6/)((1’ l) (613)
k

From thermodynamics, we know that
dU=TdS + pdp _ (6.14)
where S is the total entropy per unit volume and 7T'is the temperature. Thus,

variations in the entropy density can be written

11
5S(q7 t) = _7:]—/2 Ek0[5v22(_—k7 q, I) - 6V11(ka q, l)] (615)
k

Let us now multiply Eq. (4.22) by the energy £, ° and integrate over k. If we use
Eqgs. (4.30) and (6.1), we find

i068(q, 1)/0t = q-J¥q, 1) (6.16)
where J9q, 1) is the entropy current and is defined by
11 Wk & of°
I, 0)=— Y ES— 2% T H .
@0 =35 LB Fo spo HK 0.0 (6.17)

Equations (5.6), (5.2), (6.8), and (6.16) constitute the entire set of hy-
drodynamic equations for quantities involving total density in a Fermi
superfluid. We now can express the currents in terms of convection
contributions and transport coefficients, and we can write an equation for the
hydrodynamic normal mode frequencies.

6.3. Macroscopic Dispersion Relations

The dispersion relation for the spin diffusion mode has been given in Eq.
(6.6), and has a very simple form. The shear modes in a simple Fermi
superfluid obey a similar dispersion relation. Let us first decompose the
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momentum density J and the normal fluid velocity v, into their transverse and
longitudinal parts. The longitudinal parts are defined by

Jy = 4q-J) and Vo = a(q-v,) (6.18)
where § = q/|q], and the transverse parts are defined by
J=J~-F,=pv. and Vol =V, — ¥y (6.19)

The superfluid velocity is completely longitudinal since it is directed along g.
There are several good references®'!) which discuss the derivation of the
linearized hydrodynamic equations for an isotropic superfluid, so we will only
quote the results here. The transverse velocity obeys the equation

ip," Ov,.(q, /0t = —ig*nv, (g, 1) (6.20)

where # is the coefficient of shear viscosity (first viscosity), and p,° is the
equilibrium normal fluid density. The dispersion relation for the shear modes
takes the form

w=—ign/p,° (6.21)

Thus the shear modes are completely damped.
There are four equations which govern the propagation of the longitu-
dinal modes. The continuity equation for total particle density is given by

10p(q, 1)/0t = qJ,(q, 1) (6.22)
The equation for the superfluid velocity is given by

i 0vq, 1)/61 = q (g, 1) — ig*{3[J (@, 1) — p v, (q, 1))

+ C4U,,” (q’ t)} (623)

where p° is the total mass density of the equilibrium system, and {5 and {, are
second viscosities. The equation for the longitudinal part of the momentum
density is given by

i8J,(q, 0)/0t = q 6P(q, 1) — ig?Gn + {; — p°LVay — iq°00J (@, 1) (6.24)

where 5 P(q, 1) denotes a fluctuation in the hydrostatic pressure and {; and {,
are second viscosities. The equation for entropy density is
0 00@, 1) . ,00(q, 1) Ko
ip° 5t is® = p°3°qu,y (@, 1) — l'ﬁqz 0T(g, 1) (6.25)
where K is the coefficient of thermal conductivity, 4 is the equilibrium specific
entropy, 4(q,?) denotes a fluctuation in the specific entropy, 7° is the
equilibrium temperature, and §7(q, ¢) denotes a fluctuation in temperature.
In order to find the normal mode frequencies of the longitudinal modes,
we must close Eqs. (6.22)-(6.25). If we choose density, temperature, and the
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normal and superfluid velocities as our independent variables, we can Fourier
transform the time dependence of Eqgs. (6.22) and write them in the form

w 3p — qp,° dv, — qp,° dv, =0 (6.26)
6P\° aP\°
q(r> oT + q[(~> - pOaOJ 8T — iq?p°(Ly — p,°p3) 00,
op Jr op)r
- (psow + iqusocl) 5U5 =0 (627)

aP\° aP\° A N
CI<5;> op + q(Ef) ST — [p,°w + ig*Gn + {5, — p,°C )] év,
T

p

— (p,%w + iq’p %) dv, = 0 (6.28)

ds\° p°CC K
4° =1 16 v i o= | 6T — p°s°q év, = .
a)[ +p<ap>TJ p+[a} 70 —i—zTo o p'stq ov, =0 (6.29)

where C,° = T°(84/0T),°, 6p = p(q, w), 6T = T(q, w), dv, = 1,(q, w), and dv,
= v,)(q, w). Equations (6.26)-(6.29) form a closed set of equations from
which we can, in principle, obtain the dispersion relations for the normal
mode frequencies.

The dispersion relation for a nondissipative superfluid takes a fairly
simple form. If we set the transport coefficients equal to zero in Eqgs. (6.26)—
(6.29), we obtain the following equation for normal mode frequencies:

o* — go*(c + u?) + g*cur =0 (6.30)

where ¢, is the speed of adiabatic first sound

¢, = (0P/dp),° (6.31)
¢y 15 the speed of isothermal first sound
¢/ = (@0P/op), (6.32)
and u, is the speed of second sound when ¢;? = ¢,?,
u? = p () 1°/C,°p,° (6.33)

Thus, for a nondissipative superfluid, there are four undamped longitudinal
modes, two first-sound modes with frequency

2 Me? — e 2 \1/2
o? =L le? +u? + (¢ — uT2)<l _ ey m ey ) :I (6.34)

(Cs2 - uT2)2

and two second-sound modes with frequency

2

Ac2 — e 22 \12
Wt = q e+ u? — (¢ — uT2)<1 _ M) :’ (6.35)

(Cs2 - uT2)2
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Note that if ¢; = ¢, then w;, = +¢c, and w; = +quy.

If we retain the contributions from the transport coefficients in Egs.
(6.26)—(6.29), we obtain a far more complicated quartic equation for the
longitudinal mode frequencies. We will not discuss its solution here. Some
approximate solutions have been given in Refs. 9-11.

7. CONCLUDING REMARKS

In the previous sections, we have obtained closed, decoupled, kinetic
equations for the bogolon spin density and total bogolon density of an
isotropic Fermi superfluid, and we have shown that these equations yield the
usual hydrodynamic equations for an isotropic Fermi superfluid. In a
subsequent paper, we will obtain approximate solutions to the linearized
kinetic equations for the case of long-wavelength inhomogeneities and long
time. In so doing we will obtain microscopic expressions for the amplitudes
and dispersion relations for the spin diffusion mode, the shear modes, and the
longitudinal modes directly from the kinetic equations without having to
introduce the hydrodynamic equations. Our expressions for all the modes will
include damping effects due to transport processes.
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